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Abstract
AI techniques have been applied in games since the be-
ginning of the ﬁeld. Fuzzy measures and fuzzy integrals,
a powerful tool for decision making, have potentiality in
games for the evaluation of strategies. In this paper we will
explore the use of such soft computing techniques and show
their interest in decision making and modeling auctions.
The paper describes the role of fuzzy measures and inte-
grals in decision making and reviews some computational
aspects that are important for the application of such meth-
ods in real applications. The paper also gives a short
overview on the methods for learning the parameters for
these integrals from examples.
Keywords: Games, decision making, auctions, soft
computing, fuzzy sets, fuzzy theory, model building, Sugeno
and Choquet integrals.
1 Introduction
Games have been a testbed for artiﬁcial intelligence
since its inception, being Kasparov defeat against Deep
Blue the most famous achievement. Nevertheless, although
computer progams have already proven [14] their superior-
ity in several other games (e.g. Othello, checkers) there are
some games where further research is needed. Probably is
Go [2] one of the current major goals.
The current state of computer technology has increased
even more the interest of AI techniques in gaming. While
previous AI work was mostly oriented on “solving” the
game and, thus, on ﬁnding the appropriate decisions so that
the computer, as a player, wins the game (See [2] for de-
tails on present AI techniques for games following this ap-
proach); current trends in the ﬁeld consider a completely
differentperspective. It is well knownthat, nowadays, com-
puter games heavily rely on virtual worlds and synthetic
characters. Due to this, ongoing research is on the devel-
opment of synthetic characters that behave in an intelligent
way and with a credible/plausible behavior.
An important aspect for demonstrating a credible behav-
ior of the characters is their ability in making decisions.
Making an appropriate and on time decision is essential for
the credibility of such syntetic characters.
In recent years, several tools have been developed in the
areas of soft computing and decision theory for decision
making. In Section 2 we will review some of these tools,
focusing on fuzzy measures and fuzzy integrals.
Fuzzy measures and fuzzy integrals are versatile opera-
torsthatcanbe used in othercontextsthan decisionmaking.
For example, they have a broad use in aspects related with
information fusion. In games, as well as in electronic auc-
tions, they can be used to model coalitions, or participants.
In Section 3 we will review this application.
An important aspect for building real applications in the
context of games and auctions is the computational cost of
the algorithms required for making a decision. Due to this,
in Section 4 we study the computational cost of two differ-
ent fuzzy integrals: the Choquet and the Sugeno ones. We
will see that their cost is acceptable for most applicationsas
it is just slightly worse than the weighted mean.
2 Decision making
Decision making problems are deﬁned in terms of a set
ofalternatives(say
￿). Then, a decisionmakerhas to select
one alternative from the set (one
￿ from
￿). The simplest
case correspondsto the case in which there exists a univari-
ate function
￿ that measures the utility of selecting a partic-
ular alternative. Then, selection is done so that this function
is maximized (select
￿ such that
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿,o r ,
equivalently,
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿). Alternatively, a pref-
erence relation can be built from the function
￿ (
￿
￿ is pre-
ferred to
￿
￿ if when
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿) and the most preferred
alternative is selected (
￿ is selected if
￿ is preferred to all
￿
in
￿
￿
￿).
A multicriteria decision corresponds to the case that in-
stead of a univariate function
￿ a multi-valuated one is con-
sidered. I.e.,
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿. In this situation, there
are cases in which there is not a unique maximizing solu-
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Figure 1. Pareto efﬁcient solutions:
￿
￿,
￿
￿
tion. For example, for
￿
￿
￿
￿
￿
￿
￿
￿
￿ we have a non opti-
mal case when
￿
￿
￿
￿
￿
￿
￿
￿
￿ and
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ but
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿. Figure 1 illustrates this example. This
situation raises the concept of Pareto efﬁciency:
Deﬁnition 1 An alternative is Pareto efﬁcient if and only if
there is no other alternative that is better for all criteria.
Deﬁnition 2 The Pareto set is the set of alternatives that
are Pareto efﬁcient.
In the example above,
￿
￿ (and also
￿
￿) is Pareto efﬁcient
because there is no other alternative that is better for all cri-
teria. Naturally, the set
￿
￿
￿
￿
￿
￿
￿ deﬁne the Pareto set.
Multicriteria decision problems have been studied by
two major schools. On the one hand, the researchers un-
der the umbrella of multicriteria decision aid (MCDA) are
mainly devoted to the development of tools that help users
to understand their preferences. On the other hand, re-
searchers in multicriteria decision making (MCDM) are
more interested on building descriptive approaches. In this
latter case, the goalis to build a modelofthe behaviorof the
decision makers and, then, apply this model to new prob-
lems.
According to this distinction, the second approach is
more suitable in games as the main concern is the construc-
tion of software for making actual decisions. Therefore,
model building is the main interest.
Two main approaches can be distinguished for multicri-
teria decision problems:
Aggregate the functions
￿
￿
￿
￿
￿
￿
￿
￿
￿ into a new function
￿
￿ and then use this aggregated function for selecting
the best alternative (or for building its corresponding
preference relation and then selecting the alternative).
Compute a preference relation
￿
￿ for each
￿
￿ and then ag-
gregate the preference relations into a
￿
￿. Select the
best alternative according to the aggregatedpreference
relation.
2.1 Aggregation of
￿
￿
In this case, a value
￿
￿ is deﬁned in terms of the other
values
￿
￿. This is, in terms of
￿
￿
￿
￿
￿
￿
￿
￿
￿, or with the con-
dition of independence of irrelevant alternatives:
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￿
￿
￿
￿
￿
￿
￿
￿
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￿
Recall that the condition of independence of irrelevant al-
ternativesstates that the aggregationof severalfunctionsfor
a particular object
￿ can be directly expressed in terms of
an aggregationof the values of the functions for that object.
In our context this corresponds to the following equation
(where
￿
￿ is the function to aggregate the functions):
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
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￿
￿
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￿
￿
￿
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￿
￿
￿
￿
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￿
￿
￿
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￿
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￿
￿
Here,
￿ is a function that combines
￿ values in a given
range (or domain following AI and Machine Learning ter-
minology) and yields to another value in the same range.
Usually,
￿ is one of the so-called aggregation operators.
This is,
￿ is a function that satisﬁes (for simplicity we con-
sider the range of
￿
￿ equal to the unit interval) the following
conditions:
1.
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ (unanimity)
2.
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ (compensation)
3.
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ when
￿
￿
￿
￿
￿
￿
(monotonicity)
Arithmetic mean andweighted meanare well-knownex-
amples of aggregation operators. Choquet and Sugeno in-
tegrals are more complex and powerful aggregation opera-
tors. Their main characteristic is that they can be used to
model situations in which the values
￿
￿ are not independent
but there are dependences among them. I.e., some of the
values are redundant or correlated with other of the values.
Dependences between the values are expressed in terms of
the so-called fuzzy measures. We deﬁne them below (see
e.g. [9] for details):
Deﬁnition 3 [8] A set function
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ is a fuzzy
measure (or a game) if it satisﬁes the following axioms:
1.
￿
￿
￿
￿
￿
￿ ,
￿
￿
￿
￿
￿
￿ (boundary conditions)
2.
￿
￿
￿ implies
￿
￿
￿
￿
￿
￿
￿
￿
￿ (monotonicity)
In this paper, we assume that
￿ is a ﬁnite set, that is,
￿
￿
￿
￿
￿. Choquet and Sugeno integrals (
￿
￿ and
￿
￿)a r ed e ﬁ n e d
as an integral of a function
￿
￿
￿
￿
￿
￿
￿
￿
￿ with respect to a
fuzzy measure
￿ on
￿. Their deﬁnition are as follows:
Deﬁnition 4 [3] Let
￿ be a fuzzy measure on
￿
￿
￿
￿
￿
￿
￿
￿
then the Choquet integral of a function
￿
￿
￿
￿
￿
￿ with
respect to the fuzzy measure
￿ is deﬁned by:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ (1)
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￿ indicates that the indices have been per-
muted so that
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￿
￿
￿
￿
￿
￿
￿
￿
 
￿
￿
￿
 
￿
￿
￿
￿
￿
￿
￿
￿
 
￿,
￿
￿
￿
￿
￿
￿
 
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
  and
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ .
￿
 
￿possibilityfuzzymeasures arean interestingfamily
of fuzzy measures for modeling auctions. We deﬁne them
below and we will show their interest in Section 3.
Deﬁnition 5 Let A be a non empty subset of
￿. A set func-
tion
￿
￿
￿
￿ deﬁned as:
￿
￿
￿
￿
￿
￿
￿
￿
￿if
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿if
￿
￿
￿
￿
￿
is called the 0-1 possibility measure focused on
￿.
A set function
￿
￿
￿
￿ deﬁned as:
￿
￿
￿
￿
￿
￿
￿
￿
￿if
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿if
￿
￿
￿
￿
is called the 0-1 necessity measure focused on
￿.
The next proposition follows from the deﬁnition of Cho-
quet integral.
Proposition 1 Let
￿ be a non-empty subset of
￿ and
￿ a
function on
￿.
1.
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
2.
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
3. For every fuzzy measure
￿,
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Deﬁnition 6 [8] The Sugeno integral
￿
￿
￿
￿
￿ of a function
￿
￿
￿
 
￿
￿
￿
￿
￿ with respect to
￿ is deﬁned by
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ (2)
where
￿
￿
￿
￿
￿
￿
￿
￿ indicates that the indices have been per-
muted so that
￿
 
￿
￿
￿
￿
￿
￿
￿
￿
 
￿
￿
￿
 
￿
￿
￿
￿
￿
￿
￿
￿
 
￿,
￿
￿
￿
￿
￿
￿
 
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
 ,
￿
￿
￿
￿
￿
￿
￿
￿
 .
The next proposition follows from the deﬁnition above
and Proposition 1.
Proposition 2 Let
￿ be afuzzy measureand
￿
￿
￿
 
￿
￿
￿
￿
￿.
1. If
￿ is 0-1 valued, then
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
2. For every f.m.
￿,
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
In our context, the set
￿ corresponds to the set of crite-
ria (or functions
￿
￿
￿
￿
￿
￿
￿
￿
￿). Accordingly, the fuzzy mea-
sure can be deﬁned over the set
 
￿
￿
￿
￿
￿
￿
￿
  (i.e.,
￿
￿
 
￿
￿
￿
￿
￿
￿
￿
 ). Then, for each
￿
￿ we deﬁne the function
￿
￿
￿
as
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿. Therefore,
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
is computed as:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
or:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
2.2 Aggregation of preference relations
The general approach is to build a new preference re-
lation from the preference relations corresponding to each
attribute. This is, for each
￿
￿ a relation
￿
￿ is built and, then,
from all these relations a relation
￿
￿ is constructed. Again,
the condition of independence of irrelevant alternatives de-
scribed in Section 2.1 can take a role.
Here, such condition stands that the relation
￿
￿ for two
objects
￿
￿
￿
￿
￿ does only depend on the values
￿
￿ for these
same objects. This can be formulated as follows:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Methods for aggregation of preference relations have
beenstudied fora longtime (e.g. by RamonLlull[15, 5] (S.
XIII) or, more recently, Borda and Condorcet (S. XVIII)).
A well known result is Arrow’s impossibility theorem [1].
See e.g. [4] for a state-of-the art description of the ﬁeld.
3 Modeling auctions
In this section we review the use of fuzzy measures and
integrals for modeling auctions. We will present ﬁrst the
general theory and then its application to auctions.
3.1 Fuzzy measure with parameter: General the-
ory
Let
￿ be a real number. We consider a family of fuzzy
measures
 
￿
￿
 
￿
￿
￿ with parameter
￿ where
￿
 
￿.
Denote
￿
￿
 
￿
￿
￿
￿
￿
￿
￿ as
￿
 
￿ if
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ forall
￿
 
￿
￿
￿
￿ and
￿
￿
 
￿
￿
￿
￿
￿ as
￿
 
￿
if
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ for all
￿
￿
￿
 
￿
￿
￿
￿
￿.
We have the next fundamental theorem for convergence.
The detailed proof is in [6].
Theorem 1 Let
 
￿
￿
 be afamily offuzzy measures with pa-
rameter
￿ on a ﬁnite set
￿
￿
￿
￿
￿
￿
￿
￿ and
￿ is a fuzzy measure
on
￿
￿
￿
￿
￿
￿
￿
￿.
￿
￿
￿
￿
￿
￿
￿
￿ if and only if
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
A concrete example of a fuzzy measure with parameter
canbeobtainedbyusingdistortedprobabilities. We saythat
a fuzzy measure
￿ on
￿
￿
￿
￿
￿
￿
￿
￿ is a distorted probability
if there exist a probability
￿ on
￿
￿
￿
￿
￿
￿
￿
￿ and a function
￿
￿
￿
￿
￿
￿
￿
 
￿
￿
￿
￿
￿ such that
￿
￿
￿
Æ
￿.
Deﬁnition 7 Let
￿ be a positive real number, and a family
of functions
￿
￿
￿
￿
￿
￿
￿
￿
 
￿
￿
￿
￿
￿ deﬁned as
￿
￿
￿
￿
￿
￿
￿
￿
￿
for
￿
 
￿
￿
￿
￿
￿. We say that a fuzzy measure
￿
￿ is a basic
distorted probability generated by a probability
￿ if
￿
￿
￿
￿
￿
Æ
￿
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Lemma 1 Let
￿ be a probability on
￿
￿
￿
￿
￿
￿
￿
￿ satisfying
￿
￿
￿
￿
￿
￿only if
￿
￿
￿ and
￿
￿
￿
￿
￿
￿only if
￿
￿
￿ and
￿
￿ a basic distorted probability generated by
￿.
Then we have:
1.
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ as
￿
￿
￿ ,
2.
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ as
￿
￿
￿.
The next proposition follows from Theorem 1.
Proposition 3 Let
￿ be a probability on
￿
￿
￿
￿
￿
￿
￿
￿ satisfy-
ing
￿
￿
￿
￿
￿
￿only if
￿
￿
￿ and
￿
￿
￿
￿
￿
￿only if
￿
￿
￿
and
￿
￿ a basic distorted probability generated by
￿.
Then we have:
1.
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿,
2.
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿,
for every real-valued function
￿ on
￿.
Accordingtothepreviousresults, asingleparameterper-
mitsto coverthewholerangebetweentheminimumandthe
maximum. Therefore,changingthe parameter
￿, we can ob-
tain a suitable fuzzy measure.
3.2 Application
Fuzzy measures and integrals can be used for modeling
auctions. In this case, we have that the reference set cor-
responds to the list of participants. This is,
￿ is the set
of individuals that participate in a particular auction. Then,
fuzzy measures can be used to model whether a certain par-
ticipant is participating or not in a particular time instant.
In this case, modelization is based on 0-1 possibility
measures (i.e., measures that take values in
￿
￿
￿
￿
￿ instead
on
￿
￿
￿
￿
￿). Then, we deﬁne
￿
￿ over
￿ as a function of
￿,
where
￿ is a variable used to denote time instants. In this
case,
￿
￿ is to express which members of
￿ take part in the
auction.
Formally speaking, when
￿
￿ is the set of participants in
the auction at time
￿,t h e n
￿
￿
￿
￿
￿
￿
￿
￿if
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿if
￿
￿
￿
￿
￿
￿.
Therefore, when the participant
￿ in
￿ participates in
the auction in the instant
￿
￿ then,
￿
￿
￿
￿
￿
￿ and the 0-1
possibility measure is such that
￿
￿
￿
￿
￿
￿
￿
￿
￿ .
Then, we considera function
￿
￿
￿
￿
￿
￿ that modelizes
the price that participants have attached to instant
￿.
Under this interpretation, the Choquet integral
￿
￿
￿
￿
￿
￿
￿
￿
is equivalent to
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿, that is the highest price
that could be achievedin instant
￿. Then,
￿
￿ correspondsto
the termination instant.
When
￿
￿
￿
￿
￿ is the amount of money that par-
ticipants can pay, then
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ be-
comes the price of the ﬁnal bid accepted.
Using this construction, it is clear that various auctions
models can be deﬁned in terms of
￿
￿ and
￿
￿.
4 Computational aspects
An importantelementfortheuse ofChoquetandSugeno
integrals in real applications is their computational require-
ments. In this section we evaluate the computationalcost of
Choquet and Sugeno integrals.
It is easy to see that the order of the computational cost
of applyinga Choquetintegralto a function
￿ on
￿ with re-
spect to a fuzzymeasure
￿ is equivalentto the cost of order-
ing the elements of
￿ in terms of
￿
￿
￿
￿. This is, the cost of
applying the Choquet integral is
￿
￿
￿
￿
￿ where
￿
￿
￿
￿
￿.
We give below an algorithm with this cost. In the ﬁrst
step, the function
￿ is ordered and at the same time the per-
mutation
￿ is constructed. The cost of this step is
￿
￿
￿
￿
￿
where
￿
￿
￿
￿
￿ as said before. Then, if the fuzzy mea-
sure is stored in a look-up table (
￿
￿ positions are needed)
we have that we can use a binary representation for the sets
￿
￿
￿
￿
￿. In this case, removing an element
￿
￿
￿
￿
￿ from the set
is just changingthe
￿
￿
￿
￿ bit from
￿ into
￿ (assigning the cor-
responding bit to zero). Under this representation access-
ing
￿
￿
￿
￿
￿
￿
￿
￿ requires a constant time. Therefore, the whole
Step 3 process takes
￿
￿
￿
￿ steps. For all this, the whole
process is bounded by the time Step 1 takes.
Step 1: order
￿ and deﬁne
￿ accordingly
Step 2:
￿
￿
￿
￿
￿
￿
￿
￿
Step 3:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Step 3: for
￿
￿
￿
￿ to
￿
Step 3.1:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Step 3.2:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Step 3.3:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Step 3.4:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Step 4: return
￿
￿
￿
￿
￿
Note that this computational time is the same than the
time required by the OWA operator (this operator also re-
quires the ordering of the elements) and only slightly worse
than the time required by the weighted mean (recall that the
weighted mean is linear
￿
￿
￿
￿). Therefore, with respect to
the computational cost, the Choquet integral is a competi-
tive alternative to simpler aggregation methods.
Similarly, the computational cost of the Sugeno integral
is also
￿
￿
￿
￿
￿
￿
￿
￿. Note that in this case, the outline of
the previous algorithm is also appropriate with some mi-
nor modiﬁcations. In particular, in this case,
￿
￿ equals to
￿
￿
￿
￿
￿
￿
￿
￿ and for computing the new
￿
￿
￿
￿
￿ instead of mul-
tiplying
￿
￿ by
￿
￿ and adding it to previous
￿
￿
￿
￿
￿ the
max-min composition should be applied. I.e.,
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿. This is illustrated below:
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￿ and deﬁne
￿ accordingly
Step 2:
￿
￿
￿
￿
￿
￿
￿
￿
Step 3:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Step 3: for
￿
￿
￿
￿ to
￿
Step 3.1:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Step 3.2:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Step 3.3:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Step 3.4:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
Step 4: return
￿
￿
￿
￿
￿
As said, thecostofthis algorithmis also
￿
￿
￿
￿
￿
￿
￿
￿ but
as now additionand multiplicationis replaced by maximum
and minimum the effective cost is decreased.
4.1 Fuzzy measures
The calculation of the computationalcost of the Choquet
and Sugeno integrals above is based on the fact that the de-
termination of the fuzzy measure for a particular set can be
done using a look-up table. Therefore, an initialization step
is required for establishing such look-up table.
By the way, for real applications, the deﬁnition of a suit-
able fuzzy measure is the cornerstoneof the system. As can
be deducedfrom its deﬁnition,a fuzzymeasure requires
￿
￿
values. Therefore, for situations in which the cardinality of
the referenceset is large, such deﬁnitionbecamesawkward.
To avoid such general deﬁnition, fuzzy measures with
reduced complexity have been deﬁned so that less than
￿
￿
parameters are required. Decomposable fuzzy measures, k-
additive and
￿-dimensional distorted probabilities are some
of the existing fuzzy measures with reduced complexity.
See [13] for detailed references.
In applications, fuzzy measures are usually deﬁned by
the system developer or by a domain expert. An alter-
native is to obtain (learn/determine) from examples. The
ﬁrst study of this subject, for fuzzy integrals, that included
some empirical results were obtained by Tanaka and Muro-
fushi [12] in 1989 for the Choquet integral. Since then sev-
eralalgorithms(e.g. basedonoperationresearchalgorithms
and genetic algorithms) have been proposed. Chapter 2 (p.
22) in [13] brieﬂy reviews main results on model building
forfuzzyintegrals. Twochaptersalsoin[13](Grabisch,and
Imai, Asano and Sato) review and describe state-of-the-art
methods for this purpose.
5 Conclusion
Inthispaperwe havereviewedtheuse offuzzymeasures
and integrals (Choquet and Sugeno integrals) and their ap-
plication in state-of-the-art applications. We have also con-
sidered their computationalcost showing that it is not much
larger than the straightforward information fusion methods
(e.g. the arithmetic mean and the weighted mean) usually
used in most applications. In particular, we have shown that
the computational cost of the integrals is
￿
￿
￿
￿
￿
￿
￿
￿ in-
stead of being
￿
￿
￿
￿ in the weighted mean.
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